li
Cﬁc - j P (jemm\-or for J)

Recall: A erP G is c\{]chc_ if 3:]66 s.t

.k of \(C'ﬂ_} ‘c G is
o <J> {3 2§ & ut‘\\' en addi \‘\\((J | )

TE G=(y H=<hY and  [GLl={H|, then
the map  7¥: G —=H defined "j 'rkj“)= h*
s an isomor phism .
LF G s CUC“C and  1Gl=n €N then
Gz C, =<kl ﬁ"=e7
Ex: Zfhz % C, ?main\.éhm
TF G s ct]c\ic and  1Gl= oo then
Gz C,=4x\ g2

AN one genetator avxd)
Ex: Z% C. relations



Orde_rs o(: e\evv\e.n\-s n_ cyclic qrow‘as

((CCA\\ (:tow\ Subjrovps video:
TF 366 then the ordec of <Hy denoted lj\

or 0(3\/ it defined to be the smallext
ke N so\"\sgjir\j jk=€. ) Of oo f Hhece

1S ne such K.

Theorem 02 ¥q€G) 1gl=1<q7]. More precisely:
DTE = then §¥9), V¥ ijeT wilhisg.
W)L ll=neN then  <pr={eg)5y-, 9",

and 3‘=]3 for \)J‘e'l iff "\j ™Moed n .

+ Tafinte cjc\'\c groves
Wete Co=<x. Then
'\xq:e\ v
*YkeZ\{ol, [x*l=ee
PE: Suppase xM=q for some qEN. TThen

e=[V =t = el > lealem

Contradiction =» |\l ==, @



- Finite c_jc,\ic JrovPs:
¥ Lewmma: TE G i any_qfevp, 36 G,
and \J\=n€N, then YmeZ,
jh’- e &2 m=0 mod n.
PF: Suppose 3(—:6 ondlgl=n. Then
* m=0 mod n = j‘“-ei v
m=dn for some €7 = v jh - (j:)* _—
‘j‘“-e_‘—‘? Mm=0 mod n: v

Wrike M= QA0  Oscen. Then

j.—__ (jﬂ)‘\ J def. of ) .

ocderoFJ L
Soppese. nel;  write Cp= <x7. Then
VeeZ, =525 (e =5 en)
Pt USMJ the lemma,
(e : ()" =eF={me: *™=¢7
={mETL " km=0 mad n S
- {melt = O mod G-L}'\_)—} | (sce. 'In\-CJ&rS)

modulo n

{'

=j"‘=€,--’Pr-—o. (

The ocder of * & Fae smallest posi Yive

in‘rojex i this get, owhich s '(T‘,\R_) 7\



Genera tors  For Cn:
C\-\"" <.X.> = {Ql X, ‘Ll/ XXy, Xo-\3 .

Since. WXL = (e /W& hove that
C.'\':’ (va') & (“4|ﬁ\"‘\°

Se bhere are  @ln) jm’rﬂ\“s for Cw .
Exs: 1) n=1523 5 Cig= (kY (@)= 2-4=¢)
j(ﬁ\M‘ﬂ\WS {_\_0‘_ CAS" Kll X'L/ x'-l/ X-?/ X%/ ﬂ“/ XlK/ KN.
Zq)']:_?— (\=\>9“ /- ?P an odd ‘M“HWE/ le N/ then
(Z/z) s eyelic, (Primitive Kook Theoren )

and (L7 )| = @)= p7 (e-1)

(wod )



W) S 1S o ?r‘\m'\"r\\te, rodt med 103 (from previos video)
@(103) = lot= 13- 1%
Ql@ioM= @ (lot)=1-2-1b =32
Colleetton ofF all PP\MKH\(C fao¥< med 103 :

{S{r ltkcloz , (¥ l0L)=1§ .
(er \03)



S\> oUPS O \C_ q(ov

Theorem |t TF G=<x7 ond NG then either W={eT ocr
H=<x"y , where Kk is the smallest positive intgger with the
property that x*elt.

Proof: Suppese H#{eT ond let S={feN: el |
Noke that ILeZ\{oT sk x*€R | and also

X””C‘—\'\/ so S#¢. T\\ec‘c{:mc/ bj the  Well Ordeﬂaj
Principle, S has o smallest element, which we call k.
Now we have that:
c {x*VelH: /S el = (*Del.
e (Division Algori thw)
Vhel, h=x*, for some ReZ. Urite QL=qker, Oscck.
Then «¥el = = x Tt e =c=0. (\n is ¥he sm\\es’f)
elevment of S
Theceto ce; h= Lﬁ“)\ e {x*).

We canclude thot HW=<*Y. B



+ Tafinte c.jc\'\c groves
The distiack sukjcw\s of Co=<x? are
{¢(x: k= o,\,z,...} ,

Proof: \SJ The \, Qvery SU\)JTOUP of  Ca=d¢x) is of the
form <Y, for some  ke{oye,..T. Soppese K& €loyz,..T
and kel .

"Tf k=0 then (®)={e3 bot [GxM=lxtl=e,
So {0 # (x5,
"Lf k>0 then k#qL, for ony €T 50y by Thescem O,
et ¥ ez, Therefe o E4x), o OFGN. @

Note: TE followg From tHais that the onlj je.nexo.hts
for Cu=<x7 are & and X
To see ¥his: Suppose  Coa=Cxt)  for some LeZ. Then

Co=C M7 =47 and; since the su\sjroups listed

obove  are  distinct,  \Rl=| =D =%\



+ Finike ch,\\c 3“00\352
Swppese. nel, write Cp= <x7 Then there s
exackly. oo¢  subgravp of Co of order d) for every deM
with din. More precisely:
i) LE W< G, Yhen \Wi|n.
W) LE dely dln, bnen 1<V =d.
W)TE WECy with W=d, for sowe dln,
then W= (M)
PR of 1) Follows from Lagrange’s Thearem . 1@
PEof i) L&yl = (x4 (Thwm 0)

(™Mo ) n) _{(_:/h h

n=d (V)= $in

d. £

PE of i'\'\) © Lebk Kk be the smallest ?osi\'ive, ‘m\-(jer with the
P"°P°""ﬂ that Kkel'\/ so thal H=d«*Y . Then
— — = _N _— - B
= (H\= \x*\ m == (‘plq\\_ '&
= By = xFedyM)
= | < (M)

Bl IHl=d= <MY = W=, @



Exs: Labbices of s\kjwu‘:s of cyclic grovps

\‘) P ?rine,‘. Cr
{7
1) Cr=dx¥:  11=7-7%
(6 fota))
Siturs of [ TP, Gsast, osmel:
Cie=<x7
/ X
(‘&'—7 s C(,
Cq= (‘I\T> \
\ e g,
C.e () - /
{ef=<x%
3) Coa= (2 RO ="
(kY
(xl‘}
o,
D)






